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@ Regular epimorphisms
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Recall

Every homomorphism f: A — B between groups can be decomposed into a
surjective hom. followed by an injective hom.

A ! B
\ / in Grp
Im f

Regular epimorphisms = morphisms being the coequalizer of some parallel pair of

morphisms. o coi
_——— regular epi
T T

(eg. regular epi = surjective hom. in Grp)

Monomorphisms = morphisms s.t. f o — is injective.

9
Sl % - (cofork) = g=h
h

(eg. mono = injective hom. in Grp)
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The fundamental homomorphism theorem

A/Ker f 2 Im f (f: A= B)

The kernel pair of f:
Kpf —

N
A

A

- lf (pullback)
— B

The coimage of f:

Kp f &Z A — Coim f  (coequalizer)
™

The fundamental homomorphism theorem (categorically)
A—7L B
\—5\ t/mono
Coim f

This holds in any categories of equational algebras.

v
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Question

Does the fundamental hom. thm. hold in any category?
~~> No.

Counter example
In Cat,
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Definition

A (regular) decomposition of A i> B in € consists of:
o A functor Ord 2% % with Ao = A
@ A cocone fo = (A, A B) over A, with fo = f

satisfying (Yo, Aq,a+1: regular epi) and (Vv: limit type, A, = Colim, < A, ).

A Aa,a
A=A =3 A — - — Ay 254011 — -
B @Al

Definition
Q@ A decomp. (4., fe) stabilizes at « & fa: mono (a <Vp) (& fo: mono)
@ The smallest « above is called the length of (A, fs). (if exists)
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¢ a category with kernel pairs and colimits.

qo,1 q1,2 qu,w+1
A—» Ay —>» Ay -+ A, —/—>» A1

f1 f2

f in (f
Ay : the coimage of f

As: the coimage of f;

A, : the colimit of the chain (A,)n<w

A1 the coimage of f,

—~~> This gives a decomposition of f. (canonical decomposition)

Definition
@ The canonical decomposition number o(f) = the length of the canonical
decomposition of f. If it doesn't stabilizes, o (f) is left to be undefined.

@ If o(f) is defined for every f in €, the global canonical decomposition
number o (%) := min{a | o(f) < « for every f in €}
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Q7%)=0 < ¢=02.
Q@ d(¥)<1 < o(f)=0(Vf) < f: monic (Vf).
Q@ 0(¥)<2 << o(f) <1 (Vf) < "The fund. hom. thm. holds in €.
Q (%) <w < o(f): finite (Vf).
Example
Q o(Set) = o(Grp) = 2.
Q@ o(Cat) = 3.

Q o(n-Cat) =n+2.

Theorem [GU71]

@ locally r-presentable = o (f) is defined and o(f) < & holds. (Vf in ¥)
(Equivalently, o(€¢) < k + 1)
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Minimum decomposition problem

Recall (a canonical decomposition in Cat)
In Cat,

Question

Is there a shorter decomposition of F' than the canonical one in Cat? That is,

reg.epi
can F be decomposed as - &P, . (mono_ 5

v
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Minimum decomposition problem

Definition
The minimum decomposition number §(f) := the shortest possible length of
decompositions of f. (if at least one decomposition exists)

Question (restated)
Does o (f) = 6(f) hold?

Theorem (Canonical vs minimum [KN])
In a category with kernel pairs and colimits,
@ o(f) is defined <= 4(f) is defined.
@ Whenever they are defined, o(f) = 6(f) holds.
That is, the canonical (regular) decomposition is minimum.
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© Generalized regular epimorphisms
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Observation

In a category with kernel pairs,
q: regular epi. <= q: the coequalizer of the kernel pair of q.

@ ‘“coequalize the kernel pair of ¢° <= coequalize any pair of morphisms that
coequalized by q. --- (%) (the kernel condition associated with q)

*. q: regular epi. <= ¢: the most universal among morphisms satisfying (x).

I t ith bi ducts, )
n a category with binary coproducts X4x wo), 4
X —/= A is coequalized by lq = v J{q
v
B D¢ ot 15
X+X 5 A

A L ¢ satisfies () = VX, x_Vv.p

Idea

Replace {X + X Y X} x: obj With another class of epimorphisms.
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A-regular epimorphisms

A a class of epimorphisms.  Fix A 4 B.

Definition [KN]

AL ¢ satisfies (%)
(the A-kernel condition assoc. with q)

AN
st ABVel , ql ;

Definition [KN]

q: A-regular epi &

Ysatisfying (%)

B .2,

1/1 13/22



Example |

Example

Pos: the category of posets and order-preserving maps.

A:{[. *JAQ[.<*} um}

~~> A-regular epis = surjective order-preserving maps (= epis)

Example

Cat: the category of small categories and functors.

A::{[.%*}L[.g*} inCat}

~~ A-regular epis = strict localizations
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Example [l

Example

Top: the category of topological spaces and continuous maps.

|
A::{Kiil inTop}

K :connected space

—~~ q: A-regular epi <= ¢~ !(z): connected (Vz). (= monotone quotient)
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Coimages in terms of A-regular epis
Definition

LetALX.

S =4 (e, u;) A > ul

Then, Coimp f := Colim S. (multiple pushout)
Ty e A ! X
o I ! g .
@ q becomes A-regular epil
Ay ——— Coimp f




Example
In Cat with E := {strict localizations},

F

(hor>ido; n,n'+n)

Fy

T1 S92 T3
nz1s5 22 (T osn=id)
S1 r2 S3
Fy
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Theorem (Small object argument)

@ locally k-presentable; A: small; dom f,cod f: k-presentable (Vf € A)
= 0g(%) < k+ 1, where E := Reg(A).

Corollary

og(Cat) = w + 1, where E := {strict localizations}.

1/1 18/22



Minimum decomposition problem

Let E .= Reg(A).

. regular decomposition ~~  E-decomposition
We can also generalize

minimum dec.num. §(f) ~ Se(f)

Then, og and g still coincide:

Theorem (Canonical vs minimum [KN])

Let € locally small and cocomplete, E := Reg(A) with A: small.
Q og(f) is defined < Jg(f) is defined.
@ Whenever they are defined, og(f) = dg(f) holds.
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© Further topics
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Further topics

We actually do more ...
@ We generalize the coimage-factorizations further to locally orthogonal
factorizations (in the sense of [Tho83]).
~~> New example: monadic tower and monadic length.
o We give two concrete ways to determine the global regular-dec. num. 6(%)
for a given locally presentable category €.
> An approach via partial Horn theories.
> An approach via generalized algebraic theories.

—~> Either of them provides a complete proof for §(n-Cat) = n + 2, etc.
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Thank you!

slides ~
This talk is based on the first half of [KN].
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Example

¢ the (1.f.p.) category of sets M with countably many partial constants
b, co,c1,Co, ... such that:

(cn =br— cn+1¢>n20

> o(6)=w+1

Example
@ the (I.f.p.) category of sets M with countably many partial constants
b, co,c1,Ca, ... such that:

Tr———bl

(Cni/ — Cn+1¢)

n>0

(Cn+1 =br—— CTL\L) <0

v
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