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Set INEXWEE L BEBROE

Set® B£E S THRAFANI o NEEGHE (S-V— FESR (S-sorted set)) & BAREDE
Grp (ZNEW) B BEEE A O [

1 1 RS

[, B & o7 58 B ~DOBTFE

Ob% B ¢ ODNEDIZT 7 T R

Ce¥ C € Ob% DE

¢ (X,Y) B ¢ ® Hom 7 7 &

xLyvine feF(X,Y) DX

id (EE20)

1 ZA/Introduction

1FE AL ORBERRIE, “BE” (structure)” & “ME” (property) IZ Xk > TERSND. EE, BFEOEFRI « -
YIS THo>TP EMETHD” L WHEELD, ZOHESH “MiE” THH, P “MME” TH3. Wwbwwd “fX
B eI s R s IS TIE RV, “REY oAy LT, BHOoERZEVWHZS.

Definition 1.1. 8f (group) &1, £E8 G L XDT—X

e ERGXx G — G;

e Lee G,

—1
esmc Vg

5% (G, e, ()7)) THoT, UFEHET LD,

o ERDz,y,z€ GITHL, (x-y)-z=x-(y-2);
e FEDz e Gt z-e=x=c¢-x
e fEDzeGuIML,z-at=e=a"" 1. ¢

BHIEA LWL OB OB (e, ()7)) &, WS ODDERICE - TERSNZ LR, S OHEIRHES Hi
THY, BRI N TIE D, £ B0, KO & S BBONERE R THS &, i M <, s “HE ©
HEPIINZIZIPBERTH S Z B30 5b:

Definition 1.2. 8 (group) &3, £E8 G L XD T —X
e G xG — G
D (G, ) TH-> T, LTFZEHTDHOD.

e FED z,y,2€ GIIMNL, (z-y) - 2=z (y-2);
e H2TLec G THoTr-e=x=c-2 ZiEETDDONFEET 3;
e FEDzcGITHL, B2 cGThHoTar-vl=e=2"1 22T HONEET 3. ¢

Definition 1.1 T 2 TEHE -, 0 HEH e, 1 THEA ()~! @ 3 DA (=/58) & LTEH L72—7, Definition 1.2
TR 2HER - OANENTED, K5 2 o0HFER, FX (=MH) oPiclHAATATVS. ZD L 57 2@D ORf
DEFIZ, EVZFEETH 2 ZeBFoNTWS. EEE, T OEROHENG Z 5t OFKOBNE SIS L,
ZOHNIGHFHNS.

L L5, ZRZFTREEIHE WS RLCHANNREZERL TW2 LIEE ARV, BEINROBOH I



“HEE ZRODDDOIETH B, LELTWVWEIARLT 2L, REBD “4G LIZEELZROERL WS Zithk)D,
Definition 1.1 D355 & F4UR, BEHERIB L 1ZEHRTH > T 3 ODHE (e, () 7! ZHED2DODI L EZX B L,
Definition 1.2 ®375H 6 FTUR, BEERBI Y 3BEHRTH - THE - ZRODODILE LA 2155, T2 5E
&, 20 2 0DEHERIMIOBEES —H L TV 20 S 2hME L 2 5. EBRITIXZ D 2 D8 2 7 DRHCHEICIX
ROROVOIED, HUANOMOBZTIZZ S L SR, fIZF, Re w58, FER 23D OERID %:

Definition 1.3. = (lattice) 1, £EA L L XD T — X

e IR L x L L5 L
e BB LxL V>5[

P& B (LA, V) THoT, AT &8 0.

o TED z,y,2€ LITHL, (xAy)Az=aAyAz) 2 (xVy)Vz=zV(yVz2);
o TEDz,yc LITHL, 2 Ay=yAxzhPDaxVy=yVz;
e EED z,yec LML, zA(zVy)=x=2V(xAy). ¢

Definition 1.4. ¥ (lattice) 1, £ L E XD F—&

ok

Eibae S

op

<CLxL
PoRBM (L, <) THoT, UTZHLTDOD.

o <L LO¥IEFTH 3;
o TED z,yc LIZHL, TRaxAy & LR x VvV y DBEET 5. ¢

TD2ODEHRIZ, TNEFNER L Y D&% 52 T3, Definition 1.3 DI TITHEREL L 1Z A,V &
ROEMBD Z 2728 F X2 5708, Definition 1.4 O 6 FTIUR, “HEEFRA L3 PIEF < 2ROEH VWS Z LI
2D, ZRDER VR TRA ZROE WS REIZE ZI2H R0,

FeHie, BIIPR b 200ER DD, AILMREERL TWVWEEER5. —HT, KITd 2 DDEHED
HBH, oz if%xé&6%®ﬁ%%iﬁbfhét§ié DX BRBREIEHICY 5 X 272012, BE&D
CEFR YT 2880 £ EBRORCERINRICHYE T 2 0L TE A V. HOLEITYTEDTES L, “H
DERZDDHD” & “BE1D1D” &%) UT%K%@T%% m%@ﬁ@ﬁ (theory) LFRIZN, EEOR1 D12
EHEDOHERDETIL (model) EFEENZ. ZOHE EF L EWVWIEZH X, ARIIFFEMESREHTE2d0
TH 20, AFETIERIC “REC e WS HEPICREL CahizED 2 221235,

HOBEm - HoOEEZODLOD
HOMBZOETIL - BH1o1o

ST, BB SO “HE 2 “ETN 2EBRCED IS CERT 20, LV OPAROFETDH 5. AT
ZHEHT B 3007 7a—FEENTS. 1D (Section 2) IERMATHMAMN LS DTH D, 52 2 D (Sections 3
and 4) [XEERT7Z.

#i (theory) E 7L (model)
BB 7 712 —F (Section 2) FER (L E) (Q, B)-E
BAFH 7 71 —F (Section 3) Lawvere 358 7 ARBEZROEF T — Set
EFT4 v 277 —F (Section 4) FHRWEFFT T-K#

£1 REWE~D3 207 Fu—F

NG 3207 Tu—FEEN LD, ARORETIE, 20603 2 BHFEHTH 2 Z &% A5 (Section 5). » &



KITFEXTH 20, ARETIEZD XS RERIBH Lawvere IBEF-TF FOEMMELZ ZM—E L MERZ 2 I2T 3.

2 WEM 7 FO—F /Classical approach

21 %Y — EXEF/Many-sorted equational theories

Definition 2.1 (¥ 7% F v). § #E£AL T 5. S-SF%F v (signature) ¥ 13,
o £5Q,

o 5ffar: Q — 5<v,
e Eft: Q> S

Mo 5 (Qar,t) D2 . S DITEY — b (sort) EMEINS. Q DILD Z & ZEHEES (function symbol) & FEA.
BREGIE w e QITOWVT, VY=t DiE ar(w) = (81,...,8,) EEDT U T« (arity) MEh, YV — b t(w) = s 1FH
(type) LI 5.

DFTERREIZQeHFOTI 732 F v 2R, KRG E w e Q07U 74 LI LI

w: ar(w) — t(w)
LEINS. ¢

PUFTIE, Y— 1t s € S TE I RIERES Var, ZIEZHNCHD EES 5. Var, DTTIZH s DEH (variable) &
MEEN, 21, 22,9, 2,... REDXFTHEDINS. 2:5s EEHEVWT, 2 D s OBEBTHAZ e 2RT. £ 2 OB% t(2)
rELZEDD D,

Definition 2.2 (3fIk). XA (context) ¥ 1%, HHEZ 2 ARMEDOLE D 572558 (v1,...,2,) DIE. TLHHE,
HiZn =00k () FEL. LIEUIE (21:51, ..., Tpisy) R T8 EHOWT, ZROBEZIHRT 5. ¢

Definition 2.3 (3H). Q % S-> 7 X F ¥ 2 L, :58 = (21:81,...,%T0:8,) ZX_E T 2. Xk 7 1B % Q18
(Q-term) 1, L TFOHANC X > THIRMICER SN S, FRIC, QI LB NS Y — M2 EID Y ToHR, 7is
CEVWTQHT DN sc STHEIERT:

e 1 <i<niTHL, z; TR FICBIIZE s5; D Q-THTH 5.
o FAKGLE w: (s],...,8,) = s € QX T ICBF B Q- m:8), ..., 78l BEZ Oz & LFF|
W(T1y ooy T) BXIRZ BT 2H s D QIHTH .

Xk Z 2B B QR T R (2, ., 1,) BRELFHINAS, QH I ORI (Z) R t(r) R BFEINS.
Termg(Z)s EFHWT, R ZITBF 28 s © Q-HLROEEGERT. ¢

Definition 2.4 (xX). Q % S-¥ 73 Fr 25 5. Q-FWX (Qequation) ¥, A—XRKicHBIF2 2250 Q-IH
Fr, 27 OMTHo T, MP—KT 2002, Z.(r=7) 7 =7, 7(x1,...,20) = T (21,...,7,) RE L ED
ns. ¢

Definition 2.5 (FXBd). S 2HEEGL 35, S-V— bERESR (S-sorted equational theory) &1, S-> 7 %+
Fr QU OERDERLES EOH (ULE) DY, SH—EEADY X, S-V— FERFHIEY — FERIBH
(single-sorted equational theory) ¥ H XN 5. ¢

Example 2.6 (£f). BEOH Y — FERXHE (Qgrp, Egrp) 73 U FDO XS ITER SN S.

S = {x}

Qgrp :={e,i,m}, e: () =%, drx— % m: (%) = %



2T, m D 2 THEHE, e AT, i Xt E L 3 1 HEEERE L TWA. ¢

Example 2.7 (R —>8—8). Z—%=FD S := {even,odd}-V — MEXHGR (Q, E) 2. LTFD XS WERINS.

Oc: () = even, —.:even — even, +.: (even,even) — even;
0o: () > 0odd, —o:0dd — odd, +,: (odd,odd) — odd;
Q.= 1: () — even;

-ee: (even,even) — even, - : (even,odd) — odd;

0e: (0dd,even) — odd, -o,: (0dd,odd) — even

E = (&%) ¢
B E7V HHE-SHIBEME
B
R o Nmstmm.B) 4y
(Section 2)
777
777 777 77
(Section 3)
777
777 777 01

(Section 4)

2.2 /NZ I T« /Varieties
Definition 2.8 (#id). Q & S-> 7% F v £ T 5. Q-481E (structure) A &1, RDT—X
o S TIHRAFMNI BNIEETE (As)ses;
o GHBGEE w: (s1,...,50) 5 € QKT S, TR Ay x - x A, 205 4 ompy s
MERBMA = (A)s, [],) @ L. Q-HEEA = (A, [],) ©HL, 4, 1ZYV— b s DREALINING, N

Definition 2.9. A 2 Q& 355, HD U Tw— [w], &, —HDO QITHFT 28D Y TALIRRI NS, EHE,

—

T:8 = (21:81, ..., Tn:sy) ZXHRE L2 &, ITFOHANZ X T, & Q-THZ7 1T LER A, XX A, [[ﬂA Ay
REIDY TR N TES:

c H1<i<nIcHL, FEA, xx A, T 4 i BRONBrED 2,
o BABGLE w: (s),...,8),) = tw) € Q XK Z1TBT 2 Q-IH 128, ..., T8, BEA BN Z, BiE

ASl XX ASn [[f.W(T17 — Tm)]]A At(w) %
a = [w]y ([Em]a(@),. ... [F7],(@) )
WEHEDD. ¢

Definition 2.10. (0, E) & S-V — FELHHRHLE 5 5.

(i) QR A D QER 7(21,.. 1) = 7' (1, .., 20) EBET LI, [77], & [77], PALEHETHE L %

E9. 202 ART(11,.. . 1) =T (21, 1) EEERT.



(ii) (Q, E)-fX# (algebra) &, Q-HiE A TH-oTEIKETRTO Q-FXEMH-TODOI L TH 5. ¢

Definition 2.11 (#FH). (Q, E)- R A B 12X L, #RFE (homomorphism) A AN B ¥, BEAEOMDEH

DI (Ay —155 By)ses THoTIEED w: (s1,. .., 80) — tw) € QICOWTHFEAIZT 5 b DTH 5:

Ag xoox Ay, 205 A

fslx"'xfan( J{f

le X+ X Bsn W Bt(w)

¢

Notation 2.12. S-¥ — FEXEG (Q, E) XL, (Q, B)-REERMOKTEZ Alg(Q,E) b HEL. Z0k5k
ocHEIZEDZ % S-Y—bNFI T4 (S-sorted variety) LFER. S 231 iEADO L 2IIBY —MNSI T+
(single-sorted variety) & HMEENS. E=2 DL XX AlgQ & WVWIHFEIEDHWV 5. ¢

Example 2.13. B##ONZ 7 1 IZHFOE . —F T 5. FEIE, (Qp, Egrp) ZHFOEXHE (Example 2.6) & L L

=, BRI Alg(Qgrp, Egrp) = Grp MFAET 5. ¢
P ET H B = ABE
LR in .
S-v — PEREE (Q,E)  (Q,E)-R%& 777
(Section 2)
777
77 777 777
(Section 3)
777
777 777 777

(Section 4)

2.3 BI[EEMR/Congruence

Definition 2.14 (GFBfR). (Q,E) 2 S-V— MERBGERE 35, A € Alg(Q, E) LOAFEBR (congruence) &1,
Alg(Q, E) 1B % A EoNERFER# (internal equivalence relation) ® Z & TH 5. RN, FHRES A,
L ORMERIR ~s DIFE ~i= (~g)ses THo T, FREICw: (s1,...,8,) 2> t{w) EQANBEZONIL F A, X x A,
DIET,b D a; ~s, by (1<i<n)®HETHS

-

[w] (@) ~ew)y [w] (D)
DN TE2EI2bDTH 3. ¢

Remark 2.15. (, E)-RE A LOBRBIGE ~ 552502 b, RAESE A, & ~, TH 2 2 L THER (O, E)-R
WA/~ 2D L HTES. ¢

Remark 2.16. # G LOGFBERIE G OIEREDREEL 16 LIS L, 3] R FoaFRERE R o4 771k
13 LIRS g 2. ¢

2.4 HH-SENFEM /Free—forgetful adjunction

Definition 2.17 (SHBF). (UL E) & S-V— M ERXHRE T2, & (O E)-REBEA TN L ZDEEEH (Ay)ses
ZEIDYTHHET Ugp: Alg(Q,E) — Set® MWEHRTE 2. ZOMTIE LIZLIZSHEFE (forgetful functor) 72 ¥



LIRS, ¢

Construction 2.18 (). (0, FE) & S-V— M EXHHwL L, 7 2R 55, X7 12BI 2 QHEROES
% (Termq (%) s)ses &, ATOEI D KT & 5 T Q-1 Termg (7) LIRS %:

o BASGEE w: (s),...,5,) > t(w) € QX L, ROESZEHH Y TS.

[«] .
Teer (f)s/l X oo X Teer (f)s’m Termg (&)

Termg(f)t(w)
(T1yeeosTm) = W(T1,.. o, Tm)

t Termq(Z)s LOFRMERR ~p s ZUTD XS ICERT %:

r € EEO (Q,E)-REA CHLT, R LT [#7], = [F7], BT,

" .
T Rps T.T

T3 ~pi= (Rps)ses & Termo(Z) FOGHEBEKRE 2D, QMHiE Termg(7)/~g BEHN 5. D Q-HiE
Termg (%) /~g & (Q, E)-RE LR >TWn53. ¢
Definition 2.19. S Z8&L 5. S-V—MEE X = (X,)ses DBRTH 2 213, LM [[, g X DHEREET
HHILEED. ¢
Definition 2.20. B 157 1 JLRZ—H (filtered) TH % 21, U FEMIZTI R VWS

o 11325 Thwy,

o ERD i, jeliTHL, 2RI 7 N in I BFET %;
i J
o {EEDH z$j inTictL, a7 4—2*2 z$] —% s in I DEET 3.

KRBT 4 VX —TH D &5 BREMWRIX, 70 ILE—RIBE (filtered colimit) & PRI 3. ¢
Lemma 2.21. S 28852 55%. £ED S-V— MERX, AR S-Y - EED 7 4 VX —RMBRTEHIF 5. O

Proof. A= (A)ses & 8-V — VMEBLT 2. ADWHMNE, THhOBEY — b+ s T OUWHES B, C A, 2 SR
AINd S-Y— b EEG B=(By)s 882%. 2O&5% BD5>bHAMESD2MEKIE, ABERICE-oT7 4L 2—1
BRAEHL, ZORMRIE A c—8T 5. O

Construction 2.22 (HHBF). (UL E) 2 -V -+ ELHHRE T2, X = (Xy)ses AR S-YV — M ESH
T5. BEFRr e X, 2B W as AT IET, ARMICED X 2Ry e85 enTEs. 22T
Fo,g(X) :=Termq(Z)/~p £ BL &, FED (Q, E)-FREA K LT, RO L5 2ARL 13 1SS ELN:

Set® (X, Uq p(A)) = Alg(Q, E)(Fo p(X),A).
EREEBEBRN—ED S-V — FEA Y IZOWVWTH, Lemma 221 D7 4 L X —HKMRIC X 3R REHNT

Fop(Y) == Colim Fo p(X) LRI UL, FMHD LH UEHHENS. LIeaioT, i

Fo,p
Set® — T Alg(Q,FE)

Ua,E

%2185, BF Fop 3 LI LIZEEBRF (free functor) 2 ¥ LN 5. ¢

*2us = ut BT EVWI L.



BilG T H - SHIBE R

BRIy LR (E) (BN Set® L Alg®, )
- — MR (Q, 9 ) ’
(Section 2) Ua ;
?77?
777 777 m

(Section 3)
777

(Section 4)

777 777 777

3 BFH 7 F0O—F /Functorial approach
3.1 FP-R%wF /FP-sketches
Observation 3.1. # G I L, Bfijt e € G, Witk & 2% ¢, 2 HHE m 1%, Set DR
GxG -5 G et 1 (1)
y
PES ZEATES. (22T 111 AES) Fio, BOAIZ Set 1251 2 HRIR L LTRD & 510 2 LT
x5.

¢2Laxe e ¢ ¢ Y axe Mg L GxGxG |
« ~ 9
\ml / l! Jm l[ Gx QG GxG (2)
G 1—C G e 1 S e
WCHEE (1) THoT (2) ZAHUCT 2D ERT LI LB TE, TNDAT Y F (sketch) & W5 BEXOEARM
BTATTTH5. ¢

Definition 3.2 (FP-Z% v F). FP(finite product)-ZX4 v F (sketch) & i&, RO T —2» 5454 (¥, Ly) D
Zk:

o /NE .7,

o B 3 HIRMEREE (finite discrete cone) DEE Ly.
Z CCHREEGE Y 3, AN SR c € . LARMEOS (c L5 o) oMo . UFTE, FP-27 v F
(S Loy) Dzl s v&EL. ¢

Definition 3.3. .¥ # FP-A 7 v Fr5%. ¥ OETI (model) &%, BHF & M, Set THoT, EFEDHE
(c 25 ¢))i € Ly MR T OO L. ¢

Notation 3.4. FP-X 7 v F LI L, ZOET N BARAZHOKTE . Mod. £ EL. 2% b, Mod.¥ 38
FHE [, Set] DI TETH 5. ¢

Example 3.5 (FfORX 7 v F). AAT7 77

—
U \2/%



L Bk
leg=¢€!l, reg =1
leg =1, reg =e! (3)

meg = 1 = meq

lio = i, Tio =1
livn=1, riy =1 (4)

mig = el = miy

rmy = lm
Ilmg = mmy, rmgy = rm
lm1 = ZTF(), M, = Mmmy

mimgog = mm;q

THERENG/NEZ Sy &L, Ly, DILE LT

3 2
|
tmo roo=Ilm1 " / \
l
1 1 1 1 1

D3OEFERL LS. ZDFP-RT v F (Sgp, L) DETIMIRFE (up to iso T) =BT 2. HE (3) »HNIHEZ,

(4) DchE, (5) PEAEHERL TV, EFIE Mod S, ~ Grp ML T % Z e B0 5. ¢
PG EF H - S H IR
UL i _Fam |
S-v — FERB (O, F Q, E)-%% Set® T LT  Alg(LE
(Section 2) ( ) ( ) “Tas &l )
P FP-247r vF 7 L DEFIN .Y — Set 277
(Section 3)
277
277 277 277

(Section 4)

Observation 3.6. ZZETT,FP-A 7 vF L L ZDETLDOWE, Z L TEFLLEKDOE Mod.¥ 2EFEL T
/. TREAHEHRO L 2 FEMRIC, 27 v FIZOWTH “BSHBEF 2EXTES7-550? Mod.¥ — Set® ¥\
SBDEFERZ72D121F, PR dY — F2IROES S BMAMNICE X 2RENH 27225, RIITEWD L
SRFHEX, S =0b L EE AT vF S DITRTOMNREY — e AETHDTHS. EEZOLSICERT S
Y S s S NOEMBETS L S R EZZILT, SAOMTFRELIENTE 5:
Mod.7 22, .7, Set] =235 [S, Set] = Set”. (6)
Y IAD, ZOHIKIIIMED D 5. Example 3.5 DFED AT v F Sy ICOWT (6) THRONZEFEEZZ L,
ODEFEIHGEZ1IAES L, ARG G EREAGXGEGEXxGEXxGE D42 (1,G,G x G,G x G x G) N\ik5b Z
LICkE. BHOHBERY -2 LTS R TETVWRVDTHS.
EDELWY — FOB&RZE 27010, BEORT v F S KEWTIE 1 € Sy DS IHHIRIRTH D, fih
DIR 3,2,0 € Sp EDHIEKL € Sy 225 “YER ENTVWBDFE, L WS ERNEEL 2. ¢

Definition 3.7. S Z#£&¢35. S-V—MIE FP-R7 v F (S-sorted FP-sketch) ¥1d, XD 7 — %



o FP-24 v F (S, Ly);
e 55 1% opy

PHED, LT 2z 3 EROETERE C CObSL ITHLT C =0bY BT E2HDTH 3.

o EE®D s e SWITHL, |s], € C;
o c; € C (Vi) B/ THED (c BN ¢;)i € Ly WXL, ceC. ¢

Definition 3.8 (SHIMTF). 7 % 5-V— MJ & FP-24 v 5L 3. MFCERSNZHT Mod.7 U7 Set®
% SHIBAF (forgetful functor) & FEA:

Uy Mod.7 28 (7 set] =212, 5 Set] = Set®

ZIT, ||, RHEEED S OMTF S 7 L RELE. ¢
HHEE, T72bb Uy OEMMEE MRS 272010, XOMESRE L 72 5.

Lemma 3.9 (Ehresmann—Kennison). FP-2% v F 12 L C, Tl B Mod .7 C [, Set] KB, O

Proof. &2 CH Fact A5 28, Mod & BNERY 5 ATH L L DHEIRT. S Z, |7, Set] KM

ABY T B, B (c 25 )i € Ly WM LT, RMOBBIECTHESNBUTO L5 R AREREEZ 3

]_[ Ze; ——" Zc¢ in [.¥,Set] (7)

T3 2, (FEOMTE M ¢ [, Set] 123 LROARRIK %155

7. Set](Ze, M) % |7 Set|([1, Zei, M

[ (2
= [1,[. Set](Zc;, M)  in Set.
Me (Mpi)i Hi Me;

L7edio T, M 2341 (7) LT 5 2 b & M DBERSE (c 25 o) 2MRSE~BT 2 L ZAMTHS. Z2TA %
Ly (RS HESGED 513 51 35 (7) kL 74U, Mod.¥ = AL 2537 L, Mod . C 7, Set] i&/NE% 2 5 2
Th 3. O

Notation 3.10. @&HT Mod.” — [, Set] DkHifE% .7, Set] —Z> Mod.s £ HL Z 12T 5. ¢

Theorem 3.11. ¥ % S-V — MIE FP-X 7 v F 235, ZD¥ X, Definition 3.8 DEHIEF Uy 1XEFEFE Fo
THRED.
Fs
Set® T LT ° Mod.” O
- =

Uy

Proof. BESMED 0BT 5 1% 9155 7k Kan 552 2 3 = LT, U FORER 2

Fs
>
LanMy ro
Set® T " [#Set] 1 _ Mod.¥
—ol-l s
Us

10



el ETN A KB AE
Ly S-v— pEXHH (O, E) (Q, E)-R%% Set® st Alg(Q, E)
- — Sita A ) 9 - € )
(Section 2) “Ta.s &
BEFHY B g _Fr
S-Y—MIEFP-RTvF ¥ S DETINS — Set Set i Mod .%¥
(Section 3) T,
777

777 777 777
(Section 4)

3.2 Lawvere 25 /Lawvere theories

HiZ, FP-2% v F ORI X DR RISAIIRET 5 2 e AT 5. BRI, FP-27 v F (Y, Ly) IZRD &
IR EE R B.

o Lo IZETHEE, S ICBWTBLICHRNE, $RbEAERBETH %;
o Lo 2l¥, S WCHEETLZETOHEBENE LTV,
o NE .7 I121F, FEOERBENFLET 3.

ZDFEMIDLAETEDS LHICBONE S LRV, EEIZIE—&D FP-X 7 v F 2 iZ e A CElik iRt EH
TEZEWTED. LRRDENEATRHL FP-RA 7 v F1& Lawvere iR & WEH, 2D X D R RERIILITD
EBHTH5:

Definition 3.12.

(i) Lawvere 5@ (Lawvere theory) &%, AIREZEO/NE T Oz k.
(i) Lawvere #&i .7 OETIL L, AREZROBEF T - Set 02 k.

Loy % T WZBI2ABHEEAKEED S Z 2T, Lawvere Hige T 1 3FAR FP-A 7 v F e ART e N TE 3. ¢

Remark 3.13. Lawvere Ml 7 2Rl FP-R 7 v Fr B3 22T, S-V— MIE Lawvere B D EFHDE S
NBHD, AFIZBIF 2 ZD & 5% Lawvere BHiwmD Y — F O, BEMN R O 3P4 BiroTw5. §-V— MY
& Lawvere B 7 W3RN R (|| € T )ses PWBIRZINTED, Y- FDOERICED, T DERDOMNRIE (|s])s
DEREMTRTRT2IENTES. BETRNEE, 22T oNg% (|s|), OAREBTERT 2 HER—EL i
oW EWS HTHL. BEMIWE—EBMINED KO RERPHVONLD, ZOXSICERELELTHET IV

DRBIFENIIFMTH 270, KR TRERA T v FOY — MERE OFG L, HloEswz v, ¢
PG ETIN H B SHIFEE
il Fo.m
Ry S-v— b HRER (0, B) (@, B)-fok Set® 1 Alg(Q, E)
(Section 2) “Tas
Fo
SetS 1 ~ Mod.¥
BT S-Y—MIEFP-R7 v F & S DETIL .S — Set T,
(Section 3) (S-¥ — MI & Lawvere #ii 7) (AR ZROBTF 7 — Set) < St Ff > Mod 7 >
-
Uz
777
777 777 777

(Section 4)
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4 ETF7T1vP7FO—F/Monadic approach

Observation 4.1. X257 Fu—FA72 D EL 2D121%, FAERICBIF 2 9B O 2R A LET I e #
7%, FXHE (Q,F) 20T QIHIEE, ZHE»H6HAEL T Q OEELZEDELEHT2 e THONAZHDT
Hol-. HELEE2HEOXFETIEZZ L, LIRD 2 85 TH L WOIBEOARERZZENTWD L5 ICBbNS:

TR ER LIRS RAIREN S Z 5N TN 5.
KA TH 1 DICEBOEE “RA” L, Bl BIHZ/EL LB TES.

13 HEF Set® — 27, Alg(Q,E) 25 22T, 20 “BH ¥ “RA7 205 ZKRE#E H 2 BREMSRN 2L
NLVTHHRT2ZIENTES.

Construction 2.22 12 X % & HHBTF Fo g 3IERENC X 5 TH X 54, Construction 2.18 12 KAUIHEAB L 1F, Q-
EHeKE, E»oEINETNTOERTEH 728D TH 7. 2 2Ttk Fo p 4 Ug g OHEAL (unit) ® X € Set”
%

X — Uq pFao.p(X) = Termg(X)/~p in Set® (8)
EZ5r, ThE X OERZZRE WO RAIREICE T ER (F) THD, “C8 Ba20dbor LFIEATY
2E51CBAS. “RATIZOWTHERTALS. Bl SHBEHEICED, SV — MES X € Set” ¥ (Q, E)-RE A
WIDWTRD 15 1 ME2DH %

Fop(X) —> A in Alg(Q, E)

9)

X L Ugp(h) in Set®
CITEHGHE f 2 ADWOPDBEEDRERINE EZ 2L, Wbd 2 REOH F 1, X “X = (21, 22,...,2,)" I
BIF3 QHE WL, fARIRLTWS ADERZNRAL, ZORERED Y TEIHDEHR>TWV5:

Fop(X) —2 A
T(z1,29,...,x,) ODEMEE  —  [7],(f(z1), f(x2), ..., f(zn))

Fhbb, BEEORIE (9) &, “QIEIC A DEZERAT 27 BEEELTVS. FIZE2IE, WIS (9) KBLWTRTO
BARMR f B 2 HRERR < HEEE Ug p(A) —95 Ug g OAEEZIRTHT:

ForUop(A) —95 A in Alg(Q, E)

(10)
Uos(A) =95 Uy p(A) in Set®
TITHELNEREO I, b xS CHfEFop 4 U r OREMTH 2. o b, REMIO A R, “Q-THIC A
DERENRATE” BIEZODDTDH 3.
T, Fald THICHERAT S BEEHELAEVDOTH o255, (O, E)-REA & LT, Q-HORTHERLK
Fop(X) 2RHbHBIZEV. $rH2L, 9B 0H D L L5 BRI OEA D X € Set® K45 (8) THH
TE, M5 T “RA7 20 RHUBEE O REN D Fo 5(X) € Alg(Q, E) B

Fo.pUo gFo z(X) =% Fo p(X) in Alg(Q, E)

*3 EHEICIE, 2 DRIELE

12



WEoTHHEENS. YU ETABRLGEHT “H o&zBERINCHRL LD DD EF R (monad) TH O, ZHH
Ry “Bim” OWEle RIS ILilik%. ¢

Definition 4.2 (E£7 F). ¢ _EDOEF F (monad) 13,

oB@?%L%;
o HRZW ¢ TN F
~_

T

€
o BB T N7

_
T

B 7 B (T, n, 1) ThoT, LUF %7760

3 T ¢
n T :%/ﬁ%: T N
N i %
@W\ ~ /“UT
e ¢ ¢
T T
¢ L% ¢ L%

T M T = T w T
s Y A
¢ - ¢ ¢ — ¢
EF K (Tn,p) DIEEHIZT 2 EL 155, ¢

Definition 4.3 (T-R¥). T 2B ¢ LOoEF FL33.

(i) T-#& (T-algebra) 13,

e X5 C e ¢,
« HHTC 5 Cing
c <, 1C TTC 25 TC
O (C, &) TH-T, \ lé Tfl lg in ¢ AT 20D,
; e X, D
(ii) T-FRE D8 (C,€) — (D,¢) 21k, € D& C —— D TH->T El lc in ¢ ZAHUCTEHD. ¢

C —— D

!

Notation 4.4. B¢ LOEF R T L, T-REe T-REOHOKTEE EM(T) £ EHL. ZoBEIELIZLIE
Eilenberg—Moore Bl & FE X 5. ¢

Definition 4.5 (SHBEF). T 2B ¢ LoEF P35, & T-RE(C,E) THLTC € ¢ 2&EIDHTHHF
UT: EM(T) - € »EHTE 3. ¢

Proposition 4.6. T 2% ¢ FOEF Fr 5. HEC e € L, TC €€ ¥ TTC L% TC ol (TC, ) &
T-REH B, ZDEID YT C — (TC, uo) FsHMET UT okbitt FT 252 T\5:
FT

€ L EM(T) O
UT

RDERIZ, €£F FNOEMHZ 5 X 2 DIHENTH 5:

13



F
Proposition 4.7. FEOMfE € 1 "o &L, (UF,n,UeF) 3 € LDEFRITKRE. 22T, nkeldz
U
NnENFEFEDHN /RENTD 5. O

Example 4.8. S-Y — FMEXFE (Q, E) 2L, HH-SHBEEDHEET 2 Set” LoEF P
Set” DUQ,E]FQ.E
BBB. Uk Top LB LT 3. N

Observation 4.9. Construction 2.22 ZERWH T &, HHBETF Fo g 1%, 7 4 VX — SRR 2 FHWERBZ IR S 2
ZETHBNLDTHoT. VIR 2L, F F Ug pFar &, AR S-YV— FMESZOWTOHERZ T2 62k %

BILTEZ2ETTHL. ROEEX, 2O L5 2FHE LFIEATVS. ¢
Definition 4.10. 5 F (b L < 12HCHF) T AR (finitary) TH 2 2 1&, BF € —Lo € 57 4 L2 — R
REHEOZEESS. ¢
Proposition 4.11. S-Y — ERHH (Q, E) »5B1 603 EF K To p IFERMW. ™ *5 0
PHEm ETL H H— =ik
L s : 5 —2E
(Section 2) S-v — M &R (Q, E) (2, B)-fe8% Set UiE Alg(Q, E)
Fo
SetS 1 ~ Mod.%
ESEE:N] S-Y — M3 & FP-2 7 v F 7 S DEFIL .Y — Set U,
(Section 3) (8- — Mt & Lawvere #ii ) (ARHEZROBTF T — Set) < St 13:7 ) Mod 7 >
Lt
Uz
EFF4 VY 5 e e g2
(Section 4) Set® FOHRKEFF T T-HR& Set ULT EM(T)

5 BEEREEEED=—1&/Trinity of categorical universal algebra
5.1 FP-RrvwF & Em/FP-sketches and equational theories

Theorem 5.1. S-Y — MEXHEGR (U, E) XL, 25 S-V— MIEFP-R 7 v F Sop &, Rea#z3 2 EFRIAE
Mod Y g ~ Alg(Q, E) BFEET %:

MOdﬂzyE ;> Alg(Q,E)

UynE\4 AE (11)

Set”

sketch of proof. *¢ LUROFIET FP-R 7 v F S Z1E5:

e XY —btseSTLITNG |s| € Sor ZHET;

* X, R4 T MRIBR (sifted colimit) ZEOZ L ETEX 5.
*5 5% Set® FOHCHFICOWT, 74 VX —REREHEOZ L ¥ 2 4 7 FRMRZES Z L IZEETH 5.
*6 H LT proof ® FP-2%4 v FDZ £ TIERW.

14



||
—_—

T

1], far(w)] —

e Q DEME w: (s1,...,8,) = tWKHMLT, WA |ar(w)| € Fa.r, 4 |ar(w)]
|si| in Sap (1<i<n)ZBML, BICHERGE (1) 2 Ly, , (KBMT 2,

— (|x.mi|)i % Ly, 1IR3

.« B OSRCHRASTRTO UH7 T8 #.w(@) 3L, 85 17 T jar(w)| in Sop BEMT 5. RS

|x Z4|

|31| n yQE %3357][] L/,

z.g |w]
— lar(@)| —

|ﬂﬁ‘
|"‘

\t(w)| in YQE

17 220 Jar(w)]

)
JW;J in Yo (V)
)l

|Z.05]

It(;
e EDEHER T Z 7 ITHLT, RD2ODHB—HFT 2 L1 S8 DHZES

|.7]
|Z| ,[t(r)] in Far

|Z.7']

HDUTSSs |s| € FSoplCkD, BAHD S-V— MI&E FP 27 v F S p BELAS. 0

Theorem 5.2. S-V — MMt & FP-X 7 v F L 1IHfL, 2 S-V— MERXEH (Qy, Ey) &, SHEF & aJ#2E
[ Mod.” ~ Alg(Qy, Ey) DMEET 5. O

sketch of proof. K7 T EH/NDEMR ofSort » C Ob. x S<¥ & X 5:

o c=|s|, %2 5IX (c,5) € ofSort.;
o 8t (c 25 ¢)icicn € Ly 129WT, (c1,5Y),. .., (e, 5) € ofSorty 72513 (¢, 51 -+ 5) € ofSort ..

ZDBR (¢, 5) € ofSorty KDDL BIZ “c DY — MIFTH B LERT 22U T, HEOES Qr 2RO
FOWTERLES:

S DYt ¢ 5 dTH-T, (c,5),(d,t) € ofSort o Ziii 7= T H D.

Qo OHEE w: 55—t

EFHXOEA Foy ZERT D701, QHOMEY & LEUDT2R0ENH 5. FHlBRERIZE LD, “F O f X
OVHETTHE” LRI 2 (f,7.7) €isTermy 425 X5 LR isTermy AT, FRXOES Ex
&

T é 7'/ S Ey (<1e:>f %5 y @%TJ‘ f ﬁ)ﬁﬁbf, (f7 f‘T)v (fv f.T/) € isTermy

YERTBIENTES. COEIILT, BAD S-V — FERH (O, Eo) BEENS. O

Remark 5.3. Theorem 5.2 ¥ Theorem 5.1 1281} 2 E[FE Mod . ~ Alg(Q, F) &, —ICIZERBICE D #22
523 TERV. ERE, Example 3.5 THOR T v F Sy 1ZOWTHEFRE Mod ., ~ Grp 13, BEFREICIZ
o TOVRY. EFN Sy M, Setizx -, Fgrp IR 3IXER M (1) x M(1) x M(1) NEEh 3. &AM,
EfE M(1) x M(1) x M1) ZABEZROCCTLPEZ>TEL T, M3) DEIIZZOHOHBENDH 5. LIz > T
Fgrp DET L, FAIE RN LRV TOABEREORE L WIET 5. ¢
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5.2 ABRRBEF K FEXIEH /Finitary monads and equational theories

52.1 FRIEBHRH SERAIET FA/From equational theories to finitary monads
Theorem 5.4. (0, E) % S-V — MERFGER L 3 5. Example 4.8 DFRIEF F T g I2OWT, REA[#UTT %
[ﬁlﬂ Alg(Q, E) = EM(TQ)E) ﬁ)ﬁﬁj—%

R

Alg(Q, F) ———— EM(Tq,r)

Set”

O

F
Remark 5.5. Proposition 4.7 T, FEDkEME ¢ 1 ~ & »56 € LOEF K (T,n,u) = (UF,n,UeF) &%
U

LNBZe%AE ZOEREAHICT S X5 RETF K OBFEIHSNTED, LBBEF (comparison functor) ¥
XN TV 5:
K> EM(T)

N o

“ZOBF K PEEE (BER) 12722 D1ZW0wo0?7 2w BuwolEr LT, Beck 12 & 2 HEE (Beck DEF K%
FEI /Beck’s monadicity theorem) 2381541 TH D, Theorem 5.4 DFEHICHWS Z & A3 TE 5. FEMIE | | %
[ | ZR 2 X, ¢

Theorem 5.4 DWFXIG, THOBE X ONZEGRINEF FrOEFREREEL L E2EZI V. 20772012, 31k
A F Y BEHCHEFICI-oTIAPNE I 2A LS.

5.2.2 HMRMBESEF /Finitary endofunctors
Definition 5.6 (H-f\4). ¢ -5 ¢ # BCEF L ¥ 5.

(i) HAL8E S,
e XfRC e€%;
e T HC —55C in¥
2B 7B (Coc) DI L.

) f _ oc™up
(i) H-RBO8 (C,c) = (D,d) L&, HC —— D in € TH>T | la IMEEAPITEHD. ¢
C — D
f
Notation 5.7. HEEF ¢ L @ WL, H-REr H-REOHO L TEE AlgH 2EL 22T 5. ¢

Notation 5.8 (SHIETF). HOMT @ L @ 1cHtL, 306 (C,0) » Clc X > TEBNBHFE Alg H U &
. ¢

Remark 5.9. €EF F T IZOoWToO T-REX, T 2 HEEF L ARo T-RE L1385, £F F T INLT,
EM(T) C Alg T 37 L > T 3. ¢
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523 2 JxFvIZBSEFTH B /Signatures are endofunctors
Notation 5.10. #£4 S D 5= (s;); € S ITHLT, KTHEAHNS S-V— A% (5) € Set” b #BL Zr 1T
T 5:

@, ={i|si=1) (tes). ’

KIRTHED, (N ET7 VT4 §OANEEET 5:
Lemma 5.11. FE5=(5;); € S<¥ & S-V—MEA A = (Ag)ses WL, ROBRRBRFARD D 5:
Set”((5),4) = [[ As, in Set. O
Notation 5.12 (RNE). H£E X € Set LEONR C e € ITHLT, C O X-HREDZIZ Xe(C e € t&HK.
Iz X 1T&5 C DRNE (copower) & FEA:

XoC::HC €.
X

BNERZIROEENE AT
€(X o C,D) = Set(X,%(C, D)) (VD € 7). ¢
O-HEE1Z, ARNBECEFIC I THobTIENTES:

Lemma 5.13. Q% S-> 7% F v 33, Z0Or %, HRINECHT Set® 12 Sets v, XrAfuc¥ 2 HRR
Alg Hg = Alg(Q, @) BMEET %

o

Alg Hq Alg(Q, )
O
UHQ\J A},z

Set”
sketch of proof. A € Set® Lo Q-FiE%E, MLTFOFIETHRL TV

A € Set® Eo Q-

BweQhtss, 5% [ A — Aw O#ID YT

s€arw

B we QKT 5, G Set® ((arw), A) — Set”((tw), A) DEIH 4T

Hwe QITHT 3, 5 Set”((arw), A) o (tw) — A in Set® DEIH 4T

5f H Set®((arw), A) e (tw) - A in Set®
weN

L7278 > CHIF Set® & Set® %

Hq(A) := H Set®((arw), A) o (tw) € Set®

weN
& DERTIUE, QRS Ho-R¥8 1 1ISHS L, 9a0 B Alg Ho = Alg(Q,2) 535615, Lab,
FBHEEDT7 VT 4 arw O “BRMWE" 256, Ho IXERMZBECETFL R 5. O

T DY BEEHRET LI TE 5D, Fd Hg HEH Kan HRICE > THZ5RTWA Z L IC&M &, 2oEEHICE D RSz,
HTED. I EICERS.
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524 HBRMEF FHSEREFRA/From finitary monads to equational theories

Observation 5.14. Lemma 5.13 T, S-> 73 F ¥ 2 L EYIREGRNE CEFEZ MK L 2. T, HCERNED
BIF Set® L5 SetS #5x bk L E1T, S0 R F v Qi BWYNTERLT AlgK = Alg(Qx, @) L TE57
5507 FEXIHHD SELN S EF F (Example 4.8) IZOWTOBED L, K(5) &7V 74 §OHEE (H) &KL
WHBEED DD, 22T, S->73F % Qg ZLRDESITERL &5

—

w: 85—t €0k

w € (K(3)):
T3y, UFOFIETET Alg K —— Alg(Q, @) 25 2 LT %:

e Lemma 5.13 &0, Alg Hg, = Alg(Qlk,0) TH 5.

F
o MHNCHCHTFOMCHRER ¢ g ¢ »b3r, M
~z
FC
GC lLoc
e = GC
C le
C

12 5o C, EHBTr BT Alg G 280 Alg F s,
HQK

)
o HALH: Set® |axSet® BXDLS L THELNS:

~_ 7
K

QK A

Hq, (A) —5 KA in Set®

H Set® ((arw), A) o (tw) YA KA in Set®

wWEN K

B we Qp ITnts 3, 55 Set” ((arw), A) —— Set”((tw), KA) OE|H 4T

Set®((5), A) —— Set”((t), KA)

YK i STk 5
% (t) (5) in Set Gﬂ?’%,%‘k@( Foe (Kf)ow

) DEIH YT

o GREIT Alg K 218K Alg Ho, =~ Alg(Qx,2) 2185,

ZITHRLNEMTF Alg K — Alg(Qk, 2) 1&, YU IZEZLR Y, —BcEREICT SRRV, LrL, Z
DOBEFIIEERBICE > TWS. ZOFEFEIZE K BERITH 2 Z 28T W3, FHlEE < 23,

K AR = axg OFBRZH, AEREOY — MZOVWTRE = Algag HEFETTHE

DESRHHTRTILNTES. borEo8, Algag EHRIZOWTHETHD, LirdZOBRMEICHLE T
WBIEETHM,D. BT, Alg K 13 Alg(Qx, @) DRFICHU -3 E e BERETH 2. ¢

ARMESF FPZACHETF AR T ZET, HIUT2E2:
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Corollary 5.15. ARAIEF F T IZXL, 5 S-> 7 FF ¥ Qp 235D, BRI D7 %2 B 5 IUIRD W EBIFH

FET 5:
EM(T) C AlgT C Alg(Qr, @). (12)

LAd, TRHEFETRRTHALTWT, XOIEHBEF L A#TH 3.

<

CZETT, ARIEF K T IZOWTO T-REDENL, Qr-iEEOBORBCH U =R 7B TH 2 iy
Mol RBICEZZNEZ, ‘B8 EM(T) C Alg(Qr, 9) 2RO 2 ERIEFEET 207 WO METHS. 2
DFEDFNZDOWTIE, Birkhoff 12 & 2% 7 ZDRHUD I DR TH %

Fact 5.16 (S-Y — F 2300 Birkhoff DEH). (Q,E) % §-V — FERE#H L T 2. FRCH U 72 75065
& C Alg(Q, E) 12oWT, KIZFAETH 3

(i) Q-SRO%ES B SHEELT, & = Alg(Q, EUE).

(ii) & C Alg(Q, E) 2EM, B, ¥, 74 v &2 —RMifR%z & 21#E T TV 2. O
Proof. | 1% | MBEIT/ 5. O

Theorem 5.17. Set® FOARKWEF F T 2w, H3 5-v— FERBH (U, Br) &, REAHIZT 3 ERE
EM(T) = Alg(Qr, Er) B17ET 5

EM(T) ———— Alg(Qr, Br)

UK AT,ET <>

Set”

sketch of proof. Corollary 5.15 @ 2 DD TLE (12) HIEME, G &L, B, 7 4 V& —RIBRZ & 248/ECHL T
VB ZEBERCHEND 5NS. LEdoT Birkhoff OFH (Fact 5.16) & D, Ba0 Qr-SROEE B ST
5. O

{388/ Appendix

A E3R7Y Z R /orthogonality classes

Definition A.1. ¥ ZE 3 3.

() HRX c €28 A Ko B in € 1cBRT 3213, (FEOM A —L X cH L, KEAHCT 25 B - X

D—RICHFET DI Z2E D!

A1
B

(il) K15 X € € 5 C OHOES A CERTS L1, A KB TEEOIHLT 3L 255,

L 4

Notation A.2 (EXX27 FR). € OFHOEEANEGEZONTL &, A KEXT 22 TONROMLT € OFE D
BE AL eEL ZOXIRBRBTRINZ A ED Z & %, INER Y T X (small orthogonality class) ¥\ 5. %
7o, ADEETD 2 LIRS RWIEEICIE, HICESR Y T X (orthogonality class) & FEEALS. ¢

Definition A.3. FZTE U7 7E o C € DRMEY (reflective) TH % 1%, EHF o — € DA%
FoZrzs5. 2ot 20LEMHFBETIZRIRF (reflector) L IFIXN 2. ¢
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Proposition A.4. {FEOD KT B SIZER 2 7 A TH 5. o

Sketch of proof. &/ C € HRMHPFTHMETE L L, € > o 2RMFL T 2. MEHEOHMND X € € K7 %k
X P5 pX e B2t LT A= {nxtxer £BLY, o = AL L RBZEDHDIDBHNG. O

FoOMBEOHICHT B, ‘(D) BRI T AIKBED? W05 BWIZERERZERE (orthogonal subcategory
problem) Zﬂﬁiﬂég'f%%) ChiE—fici3BTcd s, kil LT, HlZE7 L —24 (frame) & 7 L — LHERBID
% 3 P D520 Boole FREID K 3Tl 0 B 72 E A EI H T B [R188, 4.4, Example]. — /4T, “BW HHEZHH§
B OV TR ERHEMETETH 5.

Fact A.5. BPFF&RTAHEE (locally presentable category) DNEZ 2 7 1% SMLH. O
Proof. [AROA] % [Bor9da] BBEITRB. O

AR TRRMERATREE O ERIIEE L, BRFIZ2ETF 21D TEL:
Example A.6. DU N3RAFERATREETD %:

e Set, Sets;

o XM, FP-2 7 v 7, Set® LOARKEF FOEFLOE Alg(Q, E), Mod .7, EM(T);

o /NE ¢ DOFiEE [€, Set], [6°P, Set];

o /NEDE Cat;

o HIEHFHES DE Pos. ¢

Remark A.7. Definition A.1 T & NROERXMEEZER L 720, Zhe—RKILL T ‘Gt HoERN” 2ER
THIEMNTES. AVWIRERT2 2200007 7R3, EhROVEHZLT L Z2ICERSER (orthogonal
factorization system) & FHIA, EEZZEIC BV TIXIERZ R L IEZZ 2 7 & 150 LIRSS 2 [CHIKES; Borddal.
U732 T, Fact A5 135X 6N7HOREL O ELXDBREMLL TVDEFWRZ 2 2N TE, 2OX5 kil
D —{tA “small object argument” ¥ L THISHATWS. ¢
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